We investigate an alternative approach to the correspondence of four-dimensional N = 2 superconformal theories and two-dimensional vertex operator algebras, in the framework of the Ω-deformation of supersymmetric gauge theories. The two-dimensional Ω-deformation of the holomorphic-topological theory on the product four-manifold is constructed at the level of supersymmetry variations and the action. The supersymmetric localization is performed to achieve a two-dimensional chiral CFT. The desired vertex operator algebra is recovered as the algebra of local operators of the resulting CFT. We also discuss the identification of the Schur index of the N = 2 superconformal theory and the vacuum character of the vertex operator algebra at the level of their path integral representations, using our Ω-deformation point of view on the correspondence.
Introduction
Superconformal field theories (SCFTs) exhibit interesting aspects and rich structures due to their large symmetry group. A striking feature revealed in [1] is that any superconformal field theory with an su(1, 1|2) superconformal subalgebra which acts as anti-holomorphic Möbius transformations on a two-dimensional plane possesses a protected sector isomorphic to a twodimensional vertex operator algebra (VOA). 1 The protected sector is formed as a certain (Q + S)-cohomology, spanned by twisted-translations of Schur operators with their operator product expansions (OPEs) in the cohomology.
For Lagrangian four-dimensional N = 2 superconformal theories, the procedure of obtaining this chiral algebra can be briefly described as follows. It can be shown that chiral algebras produced by free hypermultiplet and free vector multiplet are those of symplectic bosons (also known as βγ system) and bc ghosts, respectively. When they are coupled to produce an interacting SCFT, the prescription is first to take the naive tensor product of those two-dimensional chiral algebras with the gauge-invariance constraint and then to pass to the cohomology of the nilpotent BRST operator. Such a procedure led to many conjectural relations in [1] between N = 2 superconformal QCDs and W-algebras, which were checked at the level of the equivalence of the superconformal indices and the vacuum characters. For related works, see also [9, 10] .
The protected chiral algebra is particularly interesting since it is a non-commutative algebra of local operators in two dimensions, which is not easily expected for theories in higher dimensions. It turns out that the non-commutative deformation parameter , which appears in the numerators of the OPEs of chiral algebra, is given by the relative coefficient of the combination Q + S. Even though this is a direct consequence of OPE computation, it seems that an intuitive understanding of the appearence of the non-commutative deformation parameter is still absent. Therefore, it could be useful to approach the mentioned chiral algebra in an alternative framework where the origin of the non-commutative deformation parameter is well understood. The main goal of the present work is to make such an attempt.
The framework that we are referring to is the Ω-deformation of supersymmetric gauge theories [3] . It was firstly introduced in [3] to regularize the partition function of N = 2 gauge theories on the non-compact C 2 . Essentially, the Ω-deformation is implemented by modifying the theory as a cohomological field theory with respect to the supersymmetry which squares to an isometry of the underlying manifold. It effectively turns on a potential along the direction orthogonal to the isometry, and thus localizes the theory on the fixed points of the isometry. A remarkable discovery made in [6] was that the two-dimensional Ω-deformation on N = 2 gauge theories can be used to quantize the classical integrable system whose Hamiltonians are given by the N = 2 chiral operators. One may regard this quantization at the level of the representations of the non-commutative deformation of the algebra of holomorphic functions on the phase space of the integrable system, where the noncommutative deformation paramter is identified with the Ω-deformation parameter ε = . A similar feature is also present in other contexts: in three-dimensional N = 4 theories, for example, the Ω-deformation on the Rozansky-Witten theory leads to a non-commutative deformation of the Higgs branch chiral ring [11, 12] .
For which theory should we implement the Ω-deformation to recover the chiral algebra? In [2] , Kapustin discussed the holomorphic-topological twist of N = 2 gauge theories on a product manifold C × C ⊥ , in which the theory is topological along, say, C ⊥ and holomorphic along C. The cohomology of local operators, therefore, forms a chiral algebra on C, albeit a commutative one since local operators can commute with each other by escaping to the direction of C ⊥ . Now we can imagine implementing the Ω-deformation with respect to the isometry on C ⊥ , effectively creating a potential along the direction of C ⊥ . As local operators are now trapped on C due to the potential, it is natural to expect that we obtain a non-commutative deformation of the chiral algebra. The height of the potential would be controlled by none other than the Ω-deformation parameter, and we expect the identification of the non-commutative deformation parameter with the Ω-deformation parameter. We will see that this is indeed the case.
To obtain the two-dimensional chiral algebra, we have to perform supersymmetric local-ization of the Ω-deformed holomorphic-topological theory to produce a chiral CFT on C. The algebra of local operators of this CFT would provide our desired chiral algebra. It turns out that the localization procedure can be conducted in a very similar manner with [8] , where the localization of the Ω-deformed two-dimensional Landau-Ginzburg model was discussed. In fact, our localization can be viewed as the gauge theory analogue of [8] on C ⊥ , which was discussed in [17] in its application of recovering four-dimensional Chern-Simons theory from six-dimensional supersymmetric gauge theory, occuring at each point of C. The localization locus is given by solutions to certain gradient flow equations (emanating from the critical point of the superpotential as we take C ⊥ = R 2 ). To obtain the action of the localized theory on C, we have to evaluate the action on this localization locus. This can be accomplished with the help of the equivariant integration, in a similar manner that [5] applies an equivariant integration on C 2 to yield the representations of N = 2 chiral operators on the instanton moduli space. For the case at hand, it turns out that there is no non-trivial topological sector of gauge field configurations in the localization locus, so that the further integration on the instanton moduli space would not take place. The paper is organized as follows. In section 2, we briefly review the Donaldson-Witten twist and the holomorphic-topological twist of Kapustin for four-dimensional N = 2 theories. In section 3, we perform the supersymmetric localization of the Ω-deformed holomorphictopological theory to obtain the two-dimensional chiral CFT. In section 4, we discuss the identification of S 3 × S 1 partition function of N = 2 SCFT and torus partition function of chiral CFT, which lead to the equivalence of the Schur index and the vaccum character. We conclude in section 5 with discussions.
Note added. When this work has been completed, we became aware of [18] which overlaps with the contents of our paper.
Holomorphic-topological twist of N = theories
Let us consider a N = 2 supersymmetric theory on a four-dimensional Euclidean manifold, X = C × C ⊥ , where C and C ⊥ are Riemann surfaces. A curved background on X would generically break all the supersymmetries. To preserve some supersymmetries, we need to twist the holonomy group with the R-symmetry group, for which the supercharges with charge 0 under the twisted holonomy group would remain preserved.
The holonomy group of X is U (1) C × U (1) C ⊥ and the R-symmetry group of a N = 2 superconformal theory is SU (2) R × U (1) r . The N = 2 superalgebra contains the following supercharges
where A is the SU (2) R R-symmetry index and α,α are un-dotted and dotted spinor indices. We choose the conventions for the generators of the holonomy as
2)
The 
Donaldson-Witten twist
Let us first review how the Donaldson-Witten twist comes about. For a curved metric on C ⊥ , we twist the holonomy U (1) C ⊥ by taking the diagonal subgroup
Under the twist, we preserve the N = (2, 2) supersymmetry on C whose fermionic generators are
When C is also curved, we can make a further twist
to preserve Q 1+ , Q 2− . The Donaldson-Witten supercharge is precisely the linear combination of these supercharges,
Here, Q 1+ and Q 2− are preserved independently but Q DW is the one which is preserved for any curved background on X, not necessarily a product metric.
To describe the Ω-deformation made upon the twist, let us suppose C ⊥ = R 2 for a moment. One may take a specific combination of supercharges
where w = x 1 + ix 2 andw = x 1 − ix 2 are the coordinates on C ⊥ . This supercharge squares to the isometry of C ⊥ generated by V = w∂ w −w∂w. In general background on C ⊥ the deformed supercharge would not be preserved since the last two supercharges are not preserved as we have seen above. However, one can still construct a deformation of the theory which has a supercharge which squares to the isometry on C ⊥ . In practice, we can start from the theory on R 4 , write the variations of component fields with respect to the naive supercharge (2.7), and then seek a way of re-writing them in metric-independent fashion so that deformed supersymmetry variations are consistently defined on arbitrary product manifold C×C ⊥ . The action of the theory has to be modified correspondingly to ensure the invariance under the deformed supersymmetry. 
Holomorphic-topological twist
We apply the exact same procedure to our main subject: the holomorphic-topological twist of four-dimensional N = 2 supersymmetry introduced in [2] . Let us first breifly review the holomorphic-topological twist. For a curved metric on C ⊥ , we twist the holonomy U (1) C ⊥ by taking the diagonal subgroup
Under the twist, we preserve the N = (0, 4) supersymmetry on C whose fermionic generators are
The holomorphic-twist supercharge is the following linear combination of supercharges,
Note that the translations along C ⊥ and the anti-holomorphic translation along C are actually Q-exact: 12) hence it gets the name holomorphic-topological twist. Let us suppose C ⊥ = R 2 for a moment. Then we would preserve
which squares to the isometry on C ⊥ :
In general background on C ⊥ , the deformed supercharge would not be preserved since the last two supercharges are not preserved as we have seen. However, just as the case of the Donaldson-Witten twist, it is still possible to implement the Ω-deformation of the holomorphictopological theory by consistently deforming the supersymmetry variations and the action.
We will see in the following section how this is actually accomplished. It is crucial to note that, unlike the Donaldson-Witten case, we make use of the U (1) r Rsymmetry to make a twist with the isometry on C ⊥ . Recalling that the deformed supercharge squares to the isometry on C ⊥ , we see that the localization with respect to this supercharge would not work if the U (1) r R-symmetry is anomalous. This is precisely the case when the theory is not superconformal. Thus we restrict our attention to N = 2 superconformal theories in relating their Ω-deformation on holomorphic-topological twist with two-dimensional chiral algebras. It is interesting to see that the superconformality is required in a slight different manner compared to the (Q + S)-cohomology story in [1] , where the superconformal supercharge S explicitly appears in defining the cohomology of local operators in the chiral algebra. 
Chiral CFT from Ω-deformation and localization
The general analysis of the previous section can be applied to N = 2 gauge theories, on which we focus from now on. We perform supersymmetric localization on the Ω-deformed holomorphic-topological theory, to produce a two-dimensional chiral CFT. The desired chiral algebra is obtained as the algebra of local operators of this two-dimensional CFT.
Holomorphic-topological twist of N = 2 gauge theory
Let us start from the N = 2 vector multiplet. The vector multiplet contains a gauge connection A, gaugini λ A α andλ Ȧ α , a complex scalar φ, and an auxiliary field D AB , where A = 1, 2 is the SU (2) R R-symmetry index. Following the analysis of the previous section, the holomorphictopological twist changes the quantum numbers of these component fields as in the table 4.
Correspondingly, we change the notation for the component fields by their representations under the Lorentz group after the twist,
(3.1) The N = 2 supersymmetry variations can be written as
with the fermionic parameters ζ A andζ A . In a general metric background, the supersymmetry would be preserved only if ζ A andζ A are Killing spinors. Let us first place the theory on the flat R 4 . Since the holomorphic-topological supercharge is Q = Q 1 − + Q 1− , it is straightforward to write out the variations of the component fields with respect to the holomorphic-topological supercharge, using the notation (3.1), as
Now we turn to the action for the vector multiplet. It is given by
where g is the gauge coupling. As we will see momentarily, the topological term does not affect the theory and there would be no dependence on ϑ. Thus we drop the topological term from now on. Then a computation shows that the rest of the action turns out to be Q-exact:
To ensure the positive-definiteness of the action, we impose the reality properties to the bosonic fields,Ā
while requiring the symplectic-Majorana conditions to the gaugini,
As mentioned in the previous section, the holomorphic-topological supercharge Q = Q 1 − + Q 1− is in fact preserved in any product metric background as long as we make the proper twist of the isometry with the R-symmetry group. Hence we would like to write the supersymmetry variation rules to make sense in a general metric background. This requires a bunch of redefinition of component fields,
For convenience, let us also denote the curvature of the complexified connection A,Ã by
Then the supersymmetry variations are significantly simplified in terms of these new fields,
where we have used the new covariant derivative
The action (3.5) for the vector multiplet can be also written in these fields as
To make a N = 2 gauge theory superconformal, we in general need to couple hypermultiplets to the vector multiplet. Let us consider r hypermultiplets which consist of scalars q AI , fermions ψ I ,ψ I , and auxiliary fields FǍ I , where I = 1, · · · , 2r is the Sp(r) flavor. The auxiliary SU (2)Ǎ = 1, 2 is introduced to achieve an off-shell description of the hypermultiplet. We will only use Sp(1) r ⊂ Sp(r) subgroup of the flavor symmetry, so let us restrict a single free hypermultiplet (r = 1) for a moment.
Recall that U (1) C is twisted with the maximal torus of the SU (2) R R-symmetry group, U (1) R ⊂ SU (2) R . For the hypermultiplet, we will take a further twist with the maximal torus of the flavor symmetry: 12) where U (1) F,F is the maximal torus of the SU (2) flavor group or the SU (2) auxiliary group. This is not really necessary but it will fix the spins of the resulting two-dimenisonal symplectic bosons to be integers. One can always undo this further twist. The tables 5 and 6 show the quantum numbers of the component fields in the hypermultiplet under the twist. We define correspondingly
(3.13)
Let us take the hypermultiplet to be valued in a unitary representation R of the gauge group (R denotes the complex conjugate representation which is isomorphic to the dual 14) where the fermionic parametersζ A ,ζ A should satisfy the constraints
to ensure the off-shell invariance of the supersymmetry. Since the holomorphic-topological supercharge is Q = Q 1 − + Q 1− , we have to find the solutions forζ A andζ A for ζ 
Qψ w = 4iD wq , Qψz = −4iDzq + 2Fz Finally the action for the hypermultiplet is given by
To ensure the positive-definiteness of the action, we impose the following reality properties for the scalars,
while requiring the fermions to be Ω-symplectic Majorana 19) where Ω IJ is the real antisymmetric Sp(r)-invariant tensor satisfying
Repeating the argument made for the vector multiplet, the holomorphic-topological supercharge is preserved for any product manifold after the twist. Hence we would like to write the supersymmetry variations in metric-independent fashion. This is achieved by making a bunch of re-definition of fields,
In terms of these new fields, the holomorphic-topological supercharge is represented in a simple manner,
Also in terms of the re-defined fields, the hypermultiplet action can be written as a linear combination of Q-closed part and a Q-exact part,
where the Q-exact part is given by
whereas the Q-closed part is given by
Combining the vector multiplet action (3.11) and the hypermultiplet action (3.24), (3.25), we obtain the full action of the holomorphic-topological theory
It should be reminded that, as firstly discovered in [2] , the dependence on the metric on C ⊥ and the Kähler form on C enters only through the Q-exact terms, ensuring that the theory is topological along C ⊥ and holomorphic along C. Now we may take the theory on a general product metric background of C × C ⊥ while its component fields take values of appropriate differential forms. Note also that the theory does not depend on the gauge coupling since its dependence appears only through the Q-exact terms. For later use, it is convenient to define the following specific combinations of component fields:
on which our localizing supercharge will act as the equivariant differential on C ⊥ . Note that we can re-write the Q-closed part of the action (3.25) using these combinations as
where · denotes the action according to the representation under the gauge group. This expression will turn out to be useful in finding the action of the localized theory on C.
Ω-deformation
Suppose there is a vector field V = Vect(C ⊥ ) which generates an isometry on C ⊥ . The Ω-deformation can be defined at the level of supersymmetry variations of component fields, so that the deformed supercharge squares to this isometry plus possibly a gauge transformation, in a similar manner with [8, 17] for two-dimensional theories. For the case at hand, the holomorphic-topological theory on C × C ⊥ , we can deform the supersymmetry variations in (3.10) and (3.22) as
for the vector multiplet and for each hypermultiplet. Note that
where the first term is the Lie derivative with respect to the vector field V and the second term is the infinitesimal gauge transformation generated by ει V A. Hence the deformed supercharge squares to an isometry generated by V plus a gauge transformation. Also it is immediate that Q ε reduces to the original holomorphic-topological supercharge Q when ε = 0. Hence Q ε indeed implements the Ω-deformation of the holomorphic-topological theory on C × C ⊥ with respect to the isometry V . We should correspondingly deform the action so that it is annihilated by the deformed supercharge. The action for the vector multiplet can be taken as the variation under the deformed supercharge of the almost same expression:
Similarly the Q-exact part of the hypermultiplet action can be modified to:
(3.33)
In defining the above actions, we added some Q ε -exact terms to make the relevant terms positive-definite. Since V generates an isometry on C ⊥ , L V leaves the metric invariant and commutes with C ⊥ . Also we have the identity [L V , ι V ] = 0. Hence (3.31) guarantees that these actions are Q ε -invariant.
When there is no boundary on C ⊥ , the Q ε -closed part of the action can be taken as before (3.28). It is straightforward to check the Q ε -invariance of this action.
Gauge-fixing
Gauge-fixing is needed to properly evaluate the path integral. We implement the gauge-fixing by the standard BRST procedure. We introduce a ghost c, an antighostc, and an auxiliary field p which are in adjoint representation of the gauge group. The BRST transformations of these fields are
where X denotes all other component fields introduced in previous section. We also postulate the Q ε -variations for these fields as
Now we define a new superchargeQ as the combination of the Ω-deformed supercharge and the BRST supercharge,Q = Q ε + Q B . Then we observe that
for all fields. Note that the supercharge now squares to the isometry generated by V without any gauge transformation. We use this superchargeQ to construct our cohomological field theory.
Since (3.32) and (3.33) are defined as Q ε -variations of gauge invariant expressions, they are also automaticallyQ-exact:
It is also clear that (3.28) isQ-closed since it is gauge-invariant. To gauge-fix we introduce anotherQ-exact term to the action
where G fix is a properly chosen gauge-fixing function. We will take the standard Lorentz gauge-fixing function
where ∇ the Levi-Civita connection on C ⊥ , while keeping the gauge redundancy on C intact. We will fix the residual gauge redundancy after localizing the theory onto C.
Localization
For the purpose of recovering the chiral CFT on C, we will take C ⊥ = R 2 from now on. Let us analyze the localization locus of the path integral. The auxiliary fields D z , hz, and h zz only enters in the action in linear terms. Hence we can integrate them out to find
The localization locus is given by the fixed point set of the supersymmetry variations. Hence we set the right hand sides of (3.29) and (3.30) to zero. Thus we have, among other equatoins,
The first equation implies the flatness of the connection A on C ⊥ = R 2 . Let us introduce the polar coordinate on C ⊥ = R 2 , where the flat metric on C ⊥ is simply written as ds 2 C ⊥ = dr 2 + r 2 dϕ 2 . Then our generator of the isometry is V = ∂ ϕ .
We would like the gauge choice A r = 0 to be consistent with a suitable boundary condition at infinity which does not break the gauge symmetry. This can be done by choosing the Neumann boundary condition A r | ∞ = ∂ r A ϕ | ∞ = 0 at infinity. Since the gauge field A and the scalar φ always appear in the combination A = A + iφ, it is also natural to choose the boundary condition φ r | ∞ = ∂ r φ ϕ | ∞ = 0 at infinity.
Since the kinetic term for the scalar is in theQ-exact part of the action, we have another equation for the localization locus, D r φ r = 0, which just implies φ r = 0 due to the gauge choice and the boundary condition. Combined with the gauge choice A r = 0 and the first equation in (3.41), now we arrive at
With (3.40) the rest of the equations in (3.41) become
From (3.42) the equations (3.43) can be written in the polar coordinates as
By re-defining the radial coordinate by t = εε r 2
2 , the equations in the second line become
Solutions to these equations are precisely the gradient trajectories on which two-dimensional B-model on R 2 localizes, as discussed in [8] with its full detail, generated by the function Re
where W is the holomorphic superpotential. For the case at hand, one could view the four-dimensional holomorphic-topological theory on C×C ⊥ as a two-dimensional B-twisted gauge theory on C ⊥ , as done in [17] for the six-dimensional holomorphic-topological theory to obtain the four-dimensional Chern-Simons theory. The superpotential has to be chosen as W = C d 2 z q z Dzq to reproduce the four-dimensional holomorphic-topological theory in the ε → 0 limit. Now that we identified the localization locus, let us evaluate the effective action of the localized path integral. Recall that our theory is holomorphic along C, so that the localized path integral should define a two-dimensional chiral CFT on C. Also note that the localization locus does not contain any nontrivial topological sector of gauge field configurations, so that all we have to do is to evaluate theQ-closed part of the action on the localization locus properly. This can be accomplished by performing an equivariant integration on C ⊥ = R 2 for the action integral (3.28) as follows.
To facilitate the equivariant integration, it is crucial to note thatQ acts on the combinations (3.27) as the equivariant differential acts as if it is a gauge connection for those complexes. Note that the last term in the third equality ensures that ∂z − iAz can be treated as a covariant derivative as far asQ-variation is concerned, namely it preserves the gauge charge:
This would have failed without the last term of the third equality of (3.46). Therefore,Q acts as the equivariant differential on the gauge-invariant combination,
In other words, Q z ∧ (∂z − iAz·)Q is equivariantly closed when it is viewed as an element in theQ-cohomology. Hence we apply the Atiyah-Bott equivariant localization formula for the action integral (3.28) (while absorbing irrelevant numerical constant in front into q z andq) to obtain
where q = q z dz is a (1, 0)-form in the representation R andq is a 0-form in the representation R of the gauge group, respectively. Here q z ,q, and Az are understood as solutions to the gradient trajectory equations (3.45) evaluated at the origin of C ⊥ , w =w = 0. Note that the Ω-deformation parameter ε appears in the denominator of the action since C ⊥ = R 2 has the unit weight under the isometry of V = ∂ ϕ . Consequently ε plays the role of the Planck constant of the localized theory on C, which therefore appears in the numerator of the OPEs. Hence we confirm the identification of the non-commutative deformation parameter and the Ω-deformation parameter. Now we choose to fix the residual gauge by the gauge-fixing function Az = 0, yielding the gauge fixing term in the action
Hence when the auxiliary field p z is integrated out, we are left with
where i enumerates all the hypermultiplets that we coupled to the vector multiplet to make the original N = 2 theory superconformal. The algebra generated by the local operators of this theory are nothing but the chiral algebra of the standard bc-βγ system with the BRST charge
Hence we arrive at the result expected from [1] .
Superconformal indices and vacuum characters
As a consequence of the SCFT/VOA correspondence in [1] , the Schur index of the N = 2 SCFT and the vacuum character of the chiral algebra are identified by directly comparing their state-counting formulas. Here we discuss how the Ω-deformation approach provides a path integral point of view on the identification.
Schur index of N = 2 SCFT
The Schur index is defined by the Schur limit of the N = 2 superconformal index [13] . It is given as
where E is the scaling dimension and R is the Cartan of the SU (2) R R-symmetry as before. The trace is over the 1 4 -BPS states satisfying
The operators corresponding to these states are called Schur operators. It is straightforward to compute the single-letter indices for the vector multiplet and the hypermultiplet by finding those operators in the component fields. The full index is simply given by the plethystic exponential of the sum of all the single-letter indices, integrated over the gauge group. We will not reproduce the exact forms of those expressions here.
Schur index and vacuum character
In [19] , the Schur index was derived by supersymmetric localization of N = 2 SCFT partition function on S 3 × S 1 , up to a multiplicative factor of the Casimir energy. The metric background used in the computation was the following S 3 -fibration over S 1 :
where φ, χ, and t are periodic coordinates with period 2π and θ ∈ [0,
. l is the radius of the three-sphere which was written as a torus fibration over the θ-interval. It was shown in [19] that the variations of β 1 and β 2 do not affect the partition function. Then β 1 and β 2 were chosen to be real and Re τ = −(β 1 + β 2 ) so that above metric restricts to the Kähler metric on the torus at θ = 0. Here, we may make a different choice of these parameters at our convenience: β 1 = −β 2 = β. Then the metric becomes
First note that sin θ ∼ θ as θ ∼ 0 and sin θ ∼ const as θ ∼ π 2 . Hence the above metric describes the product of a torus (t, φ) and a cigar (θ, χ) with a twist along the t direction with respect to the isometry on the cigar V = ∂ χ . This is precisely the context where the Ω-deformation is realized as a metric background [4, 7] .
Hence we can make a direct connection between the partition functions in four-dimension and two-dimension. First we localize the Ω-deformed holomorphic-topological theory on C, as we have shown in the previous section, we would get the chiral CFT of the gauged symplectic bosons on the torus C with the metric
where z = φ + τ t andz = φ − τ t. Hence the we arrive at the identification of the S 3 × S 1 partition function of the four-dimensinoal SCFT with the torus partition function of the two-dimensional chiral CFT. In the localizing supercharge related to the holomorphic-topological twist, the S 3 × S 1 partition function of four-dimensinoal SCFT computes the Schur index of the theory up to some multiplicative factor of Casimir energy [19] . Also the torus partition functions of twodimensional chiral CFT compute the characters of the chiral algebra. Hence we re-discover one of the consequences of the SCFT/VOA correspondence found in [1] , the identification of the Schur index and the vaccum character. To fully justify the appearence of the vacuum character, we really have to understand how the boundary condition (periodicity) for the local operators follows from the metric (4.4). It should be inherited from the β-deformation of the metric from the usual S 3 × S 1 to (4.4), so that a more detailed analysis is needed on the meric (4.4) as the Ω-background. We leave this to future work.
Discussion
In the (Q + S)-cohomology construction of the chiral algebra [1] , the bc-system is obtained by the cohomology of the Schur operators in the vector multiplets: the gaugini. In our notation, the relevant gaugini fields are precisely µ z and θ z in (3.8). However, it is still not very clear how these fields are related to the bc-system in our construction which arise in the two-dimensional gauge fixing. The main problem is that neither µ z nor θ z is Q-closed, so that it is not immediate to see how they come into play in the Q-cohomological field theory. It would be nice if we can understand this issue more clearly.
An interesting observation was made in [15] for the SCFT/VOA correspondence at the level of N = 2 superconformal indices. It discovered a relation between the Macdonald index, a refinement of the Schur index, of N = 2 SCFTs and the refined character of VOA. A conjectural construction of a filtration of the vacuum module was suggested, from which the refined character was defined by its associated graded vector space. In [14] , the construction of such filtrations were analyzed in great detail. It would be nice if we can understand this relation through the Ω-deformation formulation of the chiral algebra. A path integral representation of the Macdonald index or the suggested refined character would be helpful for this study.
Finally, the Ω-deformation approach to the chiral algebra discussed so far only applies to Lagrangian SCFTs. It was observed that in some cases there are N = 1 preserving deformations of N = 2 SQCDs such that the renormalization group flows from deformed SQCDs to Argyres-Douglas theories [16] . It would be nice if we could find a way to apply the Ω-deformation procedure to the non-Lagrangian SCFTs, perhaps by using such deformations. where τ are the Pauli matrices.
